The Bakry-Émery tensor gives an analog of the Ricci tensor for a Riemannian manifold with a smooth measure. We show that some of the topological consequences of having a positive or nonnegative Ricci tensor are also valid for the Bakry-Émery tensor. We show that the Bakry-Émery tensor is nondecreasing under a Riemannian submersion whose fiber transport preserves measures up to constants. We give some relations between the Bakry-Émery tensor and measured Gromov-Hausdorff limits.
Introduction
When considering the metric structure of manifolds with lower Ricci curvature bounds, it is natural to carry along the extra structure of a measure and consider metric-measure spaces. This is especially relevant for collapsing, and has been discussed by Cheeger-Colding [8, 9, 10] , Fukaya [15] and Gromov [17, Chapter 3 1 2 ]. In this paper we consider smooth metric-measure spaces. Let M be a connected ndimensional Riemannian manifold, with metric g. Let dvol M denote the Riemannian density on M. Let φ be a smooth positive function on M. Then (M, φ dvol M ) is a smooth metricmeasure space. For reasons coming from the study of diffusion processes, Bakry andÉmery [4] defined a generalization of the Ricci tensor of M by Ric ∞ = Ric − Hess(ln φ).
(1.1)
We are interested in the geometric implications of bounds on the Bakry-Émery tensor. As in [20] , let us define a related tensor Ric q . Given q ∈ (0, ∞), put Using Theorem 2, we show a relationship between Ric q and collapsing. Theorem 3. 1. Given r ∈ R and an integer q ≥ 2, let (B, φ) be a smooth closed measured Riemannian manifold with Ric B q ≥ r g B . Then (B, φ) is the measured Gromov-Hausdorff limit of a sequence of (n + q)-dimensional closed Riemannian manifolds
i=1 be a sequence of N-dimensional connected closed Riemannian manifolds with sectional curvatures bounded above in absolute value by Λ and diameters bounded above by D, for some D, Λ ∈ R + . Let (X, µ) be a limit point for {(M i , g i )} ∞ i=1 in the measured Gromov-Hausdorff topology. Suppose that for some r ∈ R and all i ∈ Z + , Ric(M i , g i ) ≥ r g i . Suppose that X is an n-dimensional closed manifold. Put q = N − n. a. If q = 0 then X has Ric ≥ rg in the generalized sense of Definition 1 below. b. If q > 0 then X has Ric q ≥ r g in the generalized sense of Definition 1 below.
Finally, we give a condition in terms of distances and masses that is equivalent to having Bakry-Émery tensor bounded below by r.
(1.4)
Following [17, Section 5 .45], we define the notion of a distance tube in M.
Theorem 4. Suppose that Ric ∞ (M, g, φ) ≥ r g for some r ∈ R. Given numbers 0 < u 1 < u 2 < u 3 , we assume that the tube T is a disjoint union of segments s, starting at T 0 , of length at least u 3 . We also assume that vol φ (A(u 1 , u 2 )) > 0. Suppose that for some c ∈ R,
Then there is a subtube T ′ ⊂ T consisting of a union of segments s from T 0 , such that 1.
Conversely, suppose that there is a number r ∈ R so that for each tube T and c ∈ R satisfying (1.7), there is a subtube T ′ with the above properties. Then Ric ∞ (M, g, φ) ≥ r g.
In Sections 2-5 we prove Theorems 1-4, respectively. In Section 6 we make some remarks. I thank Max Karoubi for his hospitality at the Université de Paris VII, and Thierry Coulhon and Sasha Grigor'yan for their hospitality at the Institut Henri Poincaré, while part of this research was performed.
Proof of Theorem 1
If V is a vector field on M, let V ♯ denote the dual 1-form. If ω is a 1-form on M, let ω ♯ denote the dual vector field. Let i V denote interior multiplication with respect to V and let L V denote Lie differentiation with respect to V .
If T is a tensor field on M, let (T, T ) ∈ C ∞ (M) be the inner product coming from the Riemannian metric g. Put
(2.1)
Let (Ω * (M), d) denote the de Rham complex of M. Let δ be the formal adjoint of d with respect to the Riemannian metric g, i.e. in the case φ = 1, and let δ be the formal adjoint of d with respect to ·, · . Then
2)
Put △ = dδ + δd and △ = d δ + δd. Then
The Bochner identity says that if ω is a 1-form then there is an equality of functions on M :
On the other hand,
We have We can apply usual elliptic theory to the de Rham complex, with the inner product ·, · , to obtain an isomorphism
If Ric ∞ > 0 and a 1-form ω satisfies dω = δω = 0 then (2.10) implies that ω = 0. This proves part 1 of the theorem. If instead we only assume that Ric ∞ ≥ 0 then (2.10) implies that ∇ω = 0. Hence δω = 0. Along with δω = 0, (2.2) now implies that ω(grad(φ)) = 0. Conversely, if ∇ω = ω(grad(φ)) = 0 then dω = δω = 0. This proves the isomorphism in part 2 of the theorem.
If b 1 (M) = n then there are n linearly-independent parallel 1-forms on M that annihilate grad(φ). The usual argument shows that M is a flat torus. As the parallel 1-forms on M annihilate grad(φ), φ must be constant. This proves part 2 of the theorem.
A pointwise algebraic computation shows that
Then (2.10) becomes
If Ric ∞ < 0 and L V g = 0 then taking ω = V ♯ , (2.13) implies that V = 0. Hence the isometry group of (M, g) is discrete and, being compact, must be finite. This proves part 3 of the theorem.
If Ric ∞ ≤ 0 and L V g = 0 then (2.13) implies that ∇V ♯ = δV ♯ = 0. As before, we obtain that V φ = 0. This proves part 4 of the theorem.
To prove part 5 of the theorem, by increasing q if necessary, we may assume without loss of generality that q is an integer greater than one.
Let X be the horizontal lift to S q × M of a vector field X on M and let U be a vertical vector field on S q × M. From [7, Proposition 9.106],
Taking i → ∞, we see that if Ric q (M, g, φ) ≥ r g then M, g M , φ is the limit of a sequence of (n + q)-dimensional manifolds with Ricci curvature bounded below by r. If r is positive then from Myers' theorem, π 1 (S q ×M) ∼ = π 1 (M) is finite. This proves part 5 of the theorem. Now suppose that r ≥ 0. Let M , g M , φ be the universal cover of M. As in [12,
Theorem 3], it suffices to prove a splitting theorem for M . We take the lift of the above metric g S q ×M to the universal cover S q × M. Then for i large,
Theorem 3] now shows that π 1 (M) has a finite-index free abelian subgroup of rank at most n. This proves part 6 of the theorem.
Remarks :
1. If we put ω = df in (2.8) then we recover the definition of Ric ∞ from [4].
2. Jianguo Cao pointed out to me that a formula related to (2.10) has been used to study the ∂-operator on complete Kähler manifolds [14, Théorème 5.1].
3. The operator ∆ is related to the Witten Laplacian of [22] , but the two operators are distinct. To see the relation, note that
The Bochner-type identity (2.10), when translated to a statement about DD * + D * D, becomes
where the adjoints are with respect to the unweighted L 2 -inner product. In contrast, in Morse-Witten theory one collects the terms differently, by writing DD * +D * D = ∇ * ∇+. . . .
4.
The equality (2.10) gives a way of defining the notion of Ric ∞ ≥ r g for a class of nonsmooth measured manifolds (M, g, φ). Namely, suppose that M is a manifold whose transition maps are C 1,1 -regular. Let g be a Riemannian metric on M whose components, in local charts, are in Hence after pulling back, if one wants then one can assume that g and φ are defined on a smooth manifold.)
We say that Ric ∞ (M, g, φ) ≥ r g if for all compactly-supported Lipschitz-regular 1-forms ω on M,
An immediate consequence of the definition is the following lemma.
is a sequence of smooth Riemannian metrics and positive functions on
is a sequence of smooth Riemannian metrics and positive functions on M with Ric q (M, g i , φ i ) ≥ r g i , and (g i , φ i )
be a sequence of n-dimensional closed Riemannian manifolds with Ricci curvatures bounded below by r ∈ R, injectivity radii bounded below by i 0 ∈ R + and diameters bounded above by D ∈ R + . Then {(M i , g i )} ∞ i=1 has a limit point X in the Gromov-Hausdorff topology. From [1] , X is an n-dimensional closed manifold with a Riemannian metric g that is W 1,p -regular for all p ∈ [1, ∞). From the Sobolev embedding theorem, g is also C 0,α -regular for all α ∈ (0, 1). After applying diffeomorphisms one has W 1,p -convergence of a subsequence of {(M i , g i )} ∞ i=1 to (X, g), and so Ric(X, g) ≥ r g in the sense of Definition 1.
For another example, suppose that M is a compact Kähler manifold with local complex coordinates {z α } and metric g αβ . Its Ricci form, in local coordinates, is the (1, 1)-form − 1 2 ∂∂ ln det(g). Now suppose that the g αβ are only C 0 ∩ H 1 -regular. The Kähler condition still makes sense distributionally, and the Ricci form makes sense as a closed (1, 1)-current. Then Ric(M, g) ≥ 0 in the sense of Definition 1 if and only if − 1 2 ∂∂ ln det(g) is a positive current. (This last condition makes sense for a much larger class of g.)
Proof of Theorem 2
We (mostly) use the notation of [7, Chapter 9] . If X is a vector field on B, let X be its horizontal lift to M. Let N be the mean curvature vector field to the fibers F . Let A be the curvature of the horizontal distribution. Let T be the second fundamental form tensor of the fibers F . Let ∇ M be the covariant derivative operator on M and let ∇ B be the covariant derivative operator on B. From [7, (9. 36c)], there is an identity of functions on M :
be the flow of X as defined in a neighborhood of b and for t in some interval (−ǫ, ǫ). Let {θ t } t∈(−ǫ,ǫ) be the flow of X that covers θ t . It sends fibers to fibers diffeomorphically. Hence it makes sense to define L X dvol F by
With our conventions,
We have
Using the fact that ∇ M X X = ∇ B X X [7, (9.25d)], it follows that
By assumption, Xφ M φ M − (X, N) is constant on a fiber F . Then
If Ric
M ∞ (X, X) ≥ r g M (X, X) then (3.11) implies that Ric B ∞ (X, X) ≥ r g B (X, X). This proves Theorem 2.1. Now suppose that φ M = 1. Equations (1.2) and (3.9) imply that
As X, N = − Tr T X , we know that T X, T X − 1 q X, N 2 ≥ 0. By assumption, X, N is constant on a fiber F . Then
This proves Theorem 2.2.
Example : Let p : M → B be a Riemannian submersion, with M compact, whose fiber transport preserves the fiberwise metric up to multiplicative constants. Equivalently, the Riemannian metric g on M comes from starting with a submersion metric g ′ with totally geodesic fibers, along with a positive function f ∈ C ∞ (B), and then multiplying the fiberwise metric of g ′ on F b by f 2 (b). One can think of g as a generalized warped product metric. Suppose that the fibers F have nonnegative Ricci curvature. For ǫ > 0, let g ǫ be the Riemannian metric on M which comes from multiplying the fiberwise Riemannian metrics by ǫ 2 . Then as ǫ → 0, the metrics g ǫ have Ricci curvatures that are uniformly bounded below. Explicitly, let X be the horizontal lift of a vector field X on B and let U be a vertical vector field. Then as ǫ → 0, with the notation of [7, Chapter 9] ,
. (The terms on the right-hand-side of (3.15) are evaluated with respect to the metric g 1 .) This is an example of a collapse with Ricci curvature bounded below, to which Theorem 2.2 applies.
For another example, let M be a compact Riemannian manifold on which a Lie group G acts isometrically and effectively. Suppose that the G-action on M has a single orbit type and put B = G\M. Then there is a natural Riemannian submersion p : M → B. As the orbits of the G-action on M are all G-diffeomorphic to a homogeneous space G/H, and G/H has a unique G-invariant volume form up to constants, it follows that the fiber transport of the Riemannian submersion preserves measures up to constants. Hence Theorem 2.2 applies.
Proof of Theorem 3
We refer to [15] for the definition of the measured Gromov-Hausdorff topology. To prove Theorem 3.1, we just apply the warped product construction of the proof of Theorem 1.5 to S q × B.
be a sequence as in the statement of Theorem 3.2. We may assume that lim i→∞ (M i , g i , dvol i ) = (X, µ) in the measured Gromov-Hausdorff topology. If q = 0 then X is a smooth manifold with a C 1,α -regular metric g X and after taking a subsequence and applying diffeomorphisms, we may assume that (M i , g i ) converges to (X, g X ) in the C 1,α -topology (see, for example, [18] ). In this case, the theorem follows from Lemma 1.1.
Suppose that q > 0. By saying that X is a manifold, we mean that in the construction of X as a quotient space X/O(N) [16] , the action of O(N) on the manifold X has a single orbit type. Then X has the structure of a smooth manifold with a C 1,α -regular pair (g X , φ X ).
For any ǫ > 0, we can apply smoothing results of Abresch and others [11, Theorem 1.12] to obtain new metrics g i (ǫ) with (N, ǫ, Λ) , where the constants are uniform. We can also assume that Ric(M i , g i (ǫ)) ≥ (r − ǫ) g i (ǫ) [ [11, Proposition 4.9] , for large i, there is a small C 2 -perturbation g ′ i (ǫ) of g i (ǫ) which is invariant with respect to a Nil-structure. In particular, we may assume that Ric(M i , g ′ i (ǫ)) ≥ (r − 2 ǫ) g ′ i (ǫ). Now (M i , g ′ i (ǫ)) is the total space of a Riemannian submersion M i → B(ǫ) with infranil fibers and affine holonomy. Let g
denote the induced metric and measure on B(ǫ). As the fiber transport of the Riemannian submersion preserves the affine-parallel volume forms of the fibers, up to constants, Theorem 2.2 implies that Ric q B(ǫ), g
. Varying i and ǫ, we can extract a subsequence of B(ǫ), g
with i → ∞ and ǫ → 0 that converges in the C 1,α -topology to (X, g X , φ X ). The theorem now follows from Lemma 1.3.
Proof of Theorem 4
Let s be a segment from t 0 ∈ T 0 to t ∈ T , with length l(s) > u 3 and arc-length parameter u. By definition, s is length-minimizing. We can decompose the measure φ dvol M on A(u 1 , u 4 ) as φ area s (u) du µ(s), where µ is a measure on the space S of distinct segments s that make up A(u 1 , u 4 ), du is the length measure along a segment s and area s (u) is the relative size of the transverse Riemannian area density along s, as measured with respect to the fan of segments. Let h denote the trace of the second fundamental form Π of a level set of constant distance from T 0 . (With our conventions, the boundary of the unit ball in R n has positive mean curvature.) Differentiating along s, with respect to u, gives
From the Riccati equation for Π,
Hence for any c ∈ R, Then (5.5) says that
i.e. that ln a a is concave in u. which is a contradiction. Thus
With the concavity of ln a a , (5.13) implies that a(u) a(u) is decreasing in u for u < u 2 and so
The concavity of ln a a and (5.13) also imply that
Thus we have
which contradicts the assumption.
Lemma 2 implies that if F (u) ≤ 0 then F ′ (u) ≤ 0. We can extend F (u) smoothly to u = u 3 , with
By Lemma 2, F (u 3 ) ≤ 0. It follows that F (u) ≤ 0 for all u ∈ (u 3 , l(s)), which proves the lemma.
and
We claim that (1.8) is satisfied. If it is not satisfied, put S ′′ = S − S ′ and T ′′ = T − T ′ . Then
However, from the definition of T ′′ ,
which contradicts (5.23). If there is a cutpoint along s, with respect to its basepoint in T 0 , at u c ∈ (u 3 , u 4 ) then we put v s (u 3 , u 4 ) = uc u 3 a s (u) du, and otherwise we put v s (u 3 , u 4 ) =
. Take T to be a small tube around s (with small base T 0 ), take u 3 small relative to u 4 and take c = c 0 + ǫ with ǫ > 0 small so that (1.7) holds. If there is to be a subtube T ′ such that (1.9) holds, for all such choices, then we must have r 0 ≥ r. This proves the theorem.
r > 0 do admit isoperimetric inequalities [5] .
4.
It is an interesting question whether there is a good synthetic notion of a metric-measure space with Ricci curvature bounded below, in analogy to the notion of an Alexandrov space with curvature bounded below. See [8, Appendix 2] for discussion. It is clear from Theorem 3.1 that triples (M, g, φ) with Ric q ≥ r g are examples of metric-measure spaces with generalized Ricci curvature bounded below by r, at least if q is an integer greater than one.
There are various ways that one could try to extend the notion of Ricci curvature bounded below, from smooth metric-measure spaces to more general metric-measure spaces. One could fix q ∈ (0, ∞) and try to extend the notion of having Ric q ≥ r g. Or one could consider all q simultaneously, and say in particular that a triple (M, g, φ) has generalized Ricci curvature bounded below by r if Ric q ≥ r g for some q ∈ (0, ∞). Or one could consider a triple (M, g, φ) to have generalized Ricci curvature bounded below by r if Ric ∞ ≥ r g.
We note that there is a difference having Ric q ≥ r g for some q ∈ (0, ∞) and having Ric ∞ ≥ r g. For example, if r > 0 and Ric q ≥ r g for some q ∈ (0, ∞) then M is compact [20, Theorem 5] , whereas if Ric ∞ ≥ r g then M can be noncompact (as in the case of R with φ(x) = e − r 2 x 2 .) It is also easy to see that triples (M, g, φ) with Ric ∞ ≥ 0 generally do not satisfy the splitting principle.
If one does consider a triple (M, g, φ) with Ric ∞ ≥ r g to be an admissible space with generalized Ricci curvature bounded below by r then one has a large class of examples. For instance, from this viewpoint it would be reasonable to say that flat R n with the measure e −V dx 1 . . . dx n has nonnegative generalized Ricci curvature if V is any convex function on R n , possibly taking infinite values.
